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We investigate the response of 3D Luttinger semimetals to localized charge and spin impurities
as a function of doping. The strong spin-orbit coupling of these materials strongly influences the
Friedel oscillations and RKKY interactions. This can be seen at short distances with an 1/r4
divergence of the responses, and anisotropic behavior. Certain of the spin-orbital signatures are
robust to temperature, even if the charge and spin oscillations are smeared out, and give an unusual
diamagnetic Pauli susceptibility. We compare our results to the experimental literature on the
bismuth-based half-Heuslers such as YPtBi and on the pyrochlore iridate Pr2Ir2O7.
I. INTRODUCTION
Luttinger semimetals [1] such as HgTe, α−Sn, YPtBi
[2] and Pr2Ir2O7 [3] play an important role in the field
of 3D topological materials. Their conduction and va-
lence bands meet quadratically at a time-reversal invari-
ant and inversion-symmetric point. This degeneracy can
be lifted, for example by applying strain, to obtain a
Dirac semimetal [4, 5] or a topological insulator [6]. In
these materials, the non-trivial topology is responsible
for unusual magnetic [7–9], surface [10–12] and transport
[7, 13, 14] properties, that can also be met in Luttinger
semimetals [15]. In particular, a way to probe the strong
spin-orbit properties of these materials is through their
response to charge and spin impurities, respectively ref-
fered to as Friedel oscillations [16, 17] and RKKY inter-
actions [18–20].
The Friedel oscillations and RKKY interactions are a
consequence of the sharp Fermi surface of the conduc-
tion electrons. In a 3D normal electron gas they typi-
cally scale as cos(2kF r)/r
3 where r is the distance from
the impurity and kF the Fermi wavevector [21]. But in
general, this response depends on dimension [17], band
dispersion [22–28] and temperature [29, 30]. For exam-
ple, in Dirac and Weyl semimetals these responses de-
cay faster at large separations, r−5, [23, 25, 31] when
the carrier density vanishes. The quadratic disperion of
Luttinger semimetals leads to a slower decay, which may
prove useful to explore the consequences of the strong
spin-orbit interaction.
In this work we study the Friedel oscillations and
RKKY coupling of three-dimensional Luttinger semimet-
als at finite doping. This is inspired by recent experimen-
tal results on the bismuth based half-Heuslers [2] and
the tentalizing phase diagram of the pyrochlore iridate
Pr2Ir2O7 [3, 32, 33]. We compute the charge and spin
response at zero temperature analytically, and numeri-
cally at finite temperature. Also, because it was recently
shown that Luttinger semimetals have a paramagnetic
Landau susceptibility [34], which is opposite to what is
expected for a normal electron gas, we compute the Pauli
susceptibility and find that it is diamagnetic.
This work is organized as follows. In Sec. II we in-
troduce and discuss the underlying model of a Luttinger
semimetal. Sec. III contains our main results, with the
expression of the charge and of the spin response to a
localized inhomogeneity. We discuss our results at zero
temperature and as a function of temperature, and com-
pute the spin susceptibility of a Luttinger semimetal. In
Sec. IV, we compare our results to the existing litterature
on Luttinger semimetals like bismuth-based half-Heuslers
(YPtBi, LuPtBi, ...) and the pyrochlore Pr2Ir2O7. We
compare our results with the known literature for Dirac
semimetals.
II. MODEL
At a quadratic band touching, the behavior of non-
interacting electrons can be described with the Luttinger
Hamiltonian [1]
Hˆ0(k) =
~2
2m
[
−5
4
k21ˆ +
(
k · Jˆ
)2]
− EF , (1)
where the band mass is m and Jˆ = (Jˆx, Jˆy, Jˆz) are
the j = 3/2 total angular momentum operators. This
model has rotation, inversion and time-reversal symme-
tries [1]. The 4 eigenstates of Hˆ0(k) can be labelled
with by the eigenvalues λ = ±1/2,±3/2 of the helic-
ity operator λˆ = k · Jˆ/k and the corresponding spectrum
ξ±(k) = ±~2k2/(2m)− EF is drawn in Fig. 1. The pre-
cise expression of the corresponding eigenvector is cum-
bersome and in the following we use the thermal Green’s
function
Gˆ(k, iωn) = − iωn + Hˆ0(k)
(ξ+(k) + iωn)(ξ−(k) + iωn)
, (2)
where ~ωn = (2n+1)pikBT are the Matsubara frequency
at temperature T .
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FIG. 1. Spectrum of a Luttinger semimetal for (a) m > 0
and (b) m < 0. The Fermi surface is in the lower band and,
depending on the sign of the band mass m, it crosses different
eigenstates (a) |±1/2〉k and (b) |±3/2〉k of the helicity oper-
ator λˆ = k · Jˆ/k. This influences the intraband and interband
scattering in the presence of a magnetic impurity. We respec-
tively refer to the lower and upper band as the conduction
and valence band in the text, since we consider hole doping.
In the following we set ~ = kB = 1, write energies in
units of the Fermi energy, |EF |, and wavevectors in units
of the Fermi wavevector, kF . We consider that the Fermi
energy is in the lower band, EF = −k2F /(2|m|) < 0, but
we should have in mind that, depending on the sign of
m, the Fermi surface can cross eigenstates with either
helicity ±1/2 if m > 0 or ±3/2 if m < 0 (see Fig. 1).
These two situations will alter the RKKY coupling.
III. RESPONSE TO CHARGE AND SPIN
IMPURITIES
In presence of a charge impurity with potential
V0δ
(3)(r) and a magnetic impurity with potential V1S(r)·
Jˆδ(3)(r), a Luttinger semimetal is perturbed by the
Hamiltonian [1]
Hˆ1(r) =
(
V01ˆ + V1 S · Jˆ
)
δ(3)(r), (3)
where S = {Sx, Sy, Sz}. We neglect the anisotropic con-
tributions, such as S · Jˆ3 [1], which is a reasonnable ap-
proximation for most Luttinger semimetals with the ex-
ception of Pr2Ir2O7 [1, 4, 35].
In linear perturbation theory, the carrier density
J0(r) = 〈nˆ(r)〉 = 〈ψˆ†rψˆr〉 and the j = 3/2 pseudo-spin
operators Ji(r) = 〈Jˆi(r)〉 = 〈ψˆ†rJˆiψˆr〉 are
Jµ(r) =
3∑
ν=0
χµν(r)Sν , (4)
where µ ∈ {0, 1, 2, 3} and S0 = 1. The generalized sus-
ceptibility at a temperature T is a sum over Matsubara
frequencies
χµν(r, T ) = −T
∑
ωn
Tr
[
Gˆ(r, iωn)JˆµGˆ(−r, iωn)Jˆν
]
. (5)
Here, for sake of clarity we introduce Jˆ0 ≡ 1ˆ. Note that
in the present work we only consider the static regime,
i.e. Eq. (5) does not depend on frequency, which is ap-
propriate in the study of impurities. The dynamic charge
polarizability at T = 0 was derived in [36, 37]. In a pre-
vious work [36] we also show that the Hamiltonian (1)
has no charge-spin coupling, that is χi0 = χ0i = 0 for
i ∈ {1, 2, 3}. In Weyl semimetals, this coupling between
charge and spin degrees of freedom allows for spin po-
larization of charge fluctuations [38]. The generalised
susceptibility in the unperturbed, homogeneous gas only
depends on (r− r′) and (t− t′). In Eq. (5) and what fol-
lows we express χ00 in units of V0EFN
2
0 and χij in units
of V1EFN
2
0 , where N0 = 1/(4pi
2) is the density of states
per spin of an electron gas.
The real space representation of the Green’s function
in Eq. (5) is derived in Appendix A. We use rotation
symmetry to absorb the angular dependence in a uni-
tary transformation Uˆθφ on the spinor subspace, i.e.
Gˆ(r, iωn) = Uˆθ,φGˆ(rez, iωn)Uˆ
†
θ,φ and
Gˆ(rez, iωn) = N0
[{
(iωn − sgn(m))I0(r, iωn) + 5
4
(
2
r
∂I0(r, iωn)
∂r
(6)
+
∂2I0(r, iωn)
∂r2
)}
1ˆ− ∂I0(r, iωn)
∂r
(Jˆ2x + Jˆ
2
y )−
∂2I0(r, iωn)
∂r2
Jˆ2z
]
.
The radial dependence of the Green’s function is de-
scribed by the following function I0(r, iωn) and its deriva-
tives
I0(r, iωn) = −1
r
(A2(r, iωn) +B2(r, iωn)). (7)
We introduce the functions Ap(r, iωn) and Bp(r, iωn)
which are related to the contribution from the valence
and from the conduction band for a given sign of m as
schematised in Fig. 1 :
Ap(r, iωn) =
pi(−i sgn(ωn))p
2(−sgn(m) + iωn)p/2 e
sgn(ωn)ir
√
−sgn(m)+iωn ,
(8)
Bp(r, iωn) =
pi(−i sgn(ωn))p
2(sgn(m)− iωn)p/2 e
−sgn(ωn)ir
√
sgn(m)−iωn .
(9)
Thus, the generalized susceptibility (5) is a sum
over all excitations within or between the two bands,
which are described by the combinations AAk+p(r, T ) =
T
∑
ωn>0
AkAp, BBk+p(r, T ) = T
∑
ωn>0
BkBp and
ABk+p(r, T ) = i
kT
∑
ωn>0
AkBp : the expressions with
the sum on negative frequencies are simply the complex
conjugate of these ones. We numerically perform the
3Total
Interband
Intraband
2 4 6 8 10
-0.10
-0.05
0.05
0.10
FIG. 2. Friedel oscillations in response to an impurity that increases the potential at r = 0 in a Luttinger semimetal with hole-
like doping at (a) T = 0 with both intraband and interband contributions (b) T 6= 0, showing the damping as the temperature
increases. The intraband contribution dominates at both short and long range and the interband coupling is only apparent at
short range.
summation on Matsubara’s frequencies at T 6= 0. At
T = 0 the sum becomes an integral and we compute
explicitly these expressions in Appendix B. As expected
we find that at zero temperature the intra-valence band
terms vanish i.e. there are no contributions from intra-
valence band scattering since the band is empty. In what
follows we separately discuss the charge response, related
to Friedel oscillations, and the magnetic response, related
to the RKKY coupling. From the last we compute the
temperature dependence of the Pauli susceptibility.
In the following we express the susceptibilities in terms
of the combinations AAp(r, T ), BBp(r, T ) and ABp(r, T )
for a general value of the mass m. In Appendix B we
explicitly compute the expression of these combinations
at T = 0 in the case of a positive mass and deduce the
corresponding expressions for a negative one.
A. Friedel oscillations
The charge response of a spin-degenerate normal elec-
tron gas at T = 0 in units of V0EFN
2
0 is [21]
χ3DEG00 (r, T = 0) =
2pi(sin(2r)− 2r cos(2r))
r4
(10)
In a Luttinger semimetal, the generalized susceptibility
also includes interband transitions due to the strong spin-
orbit coupling. We compute the trace in Eq. (5) using
the Green’s function (6) and we find
χ00(r, T ) =− 4
r6
(
9(BB4 + AA4) + 18r(BB3 −AA3) + 15r2(BB2 + AA2) + 6r3(BB1 −AA1) + 2r4(BB0 + AA0)
− 18AB4 − 18(1− i)rAB3 + 18r2iAB2 + 6r3(1 + i)AB1
)
+ c.c., (11)
where the functions on the right-hand side are evaluated
for (r, T ) and c.c. stands for complex conjugate. We note
here that the charge response is symmetric with respect
to the sign of the mass.
At zero temperature T = 0, the charge susceptibility
behaves as in Fig. 2(a). At long range, r  1, the re-
sponse is dominated by the intraband contribution and
is half of that in a normal electron gas (10). The con-
sequences of spin-orbit coupling are more apparent at
short-range, r  1, where the response is approximately
χ00(r  1, T = 0) ≈ −3pi(pi − 2)
r4
. (12)
This is in strong contrast with a normal electron gas
where χ3DEG00 (r  1, T = 0, ) ≈ 16pi/3r. This is the re-
sult of a strong intraband coupling at short range as we
can see from the intraband and interband contributions
of this asymptotic behavior. We find that the intraband
contibution is χ
(intra)
00 ≈ −3pi
2
r4 +
8pi
5r and the interband one
4is χ
(inter)
00 ≈ 6pir4 − 8pi5r and we notice that the intraband con-
tribution dominates at small r. Also, the 1/r behavior
associated with the 3DEG appears in both contributions,
but totally cancel each other. The power law in Eq. (12)
can be related to the linear component of charge polaris-
ability in momentum space [36]. This is of similar origin
to the 1/r5 divergence observed in Dirac semimetals and
the difference in power laws is a consequence of the dif-
ference in band dispersions.
At T 6= 0 we observe a change in the decaying behavior,
from power-law to exponential decay, as can be seen in
Fig. 2(b). There, we also observe the expected damping
of Friedel oscillations with a change in their periodicity.
B. RKKY coupling
In absence of spin-orbit coupling, the magnetization
profile of a normal electron gas in response to a magnetic
impurity is isotropic (i.e. χij = χ
3DEG
s δij) just like the
charge response in Eq. (10) [21, 39]. On the contrary, in a
Luttinger semimetal, the spin-response χˆS is anisotropic.
The angular dependence of χˆS is absorbed in the rotation
matrix Rˆθφ, where θ, φ are the angular coordinates of the
separation r to the impurity,
χˆS(r, T ) = Rˆθ,φ
 χT (r, T ) 0 00 χT (r, T ) 0
0 0 χL(r, T )
 RˆTθ,φ.
(13)
The diagonal components χT (r, T ) and χL(r, T ) are re-
spectively the transverse and longitudinal spin response:
χT (r, T ) =
1
r6
(
9(BB4 + AA4) + 18r(BB3 −AA3) + 3r2(BB2 + 9AA2)− 6r3(BB1 + 3AA1)− 8r4BB0 (14)
− 18AB4 − 18(1− i)rAB3 + 6(4 + 3i)r2AB2 + 6(3− i)r3AB1 + 12r4AB0
)
+ c.c.,
χL(r, T ) = − 1
r6
(
45(BB4 + AA4) + 90r(BB3 −AA3) + r2(51BB2 + 99AA2) + 6r3(BB1 − 9AA1) + 2r4(BB0 + 9AA0)
− 90AB4 − 90(1− i)rAB3 + 6(8 + 15i)r2AB2 + 6(9 + i)r3AB1
)
+ c.c., (15)
where the functions on the right-hand side are evaluated
for (r, T ) and c.c. stands for complex conjugate. The
functions AAp, BBp and ABp are the same as the ones in-
volved in computing the charge response in Eq. (11) and
their expressions at T = 0 are reported in Appendix B.
We find that the spin-response depends on the sign of
the mass m in Eq. (1). We remind that this parameter
does not affect the band dispersion but only the chirality
of the states at the Fermi surface, which we illustrate in
Figs. 1(a,b). We thus distinguish the situations where
m is positive and negative with a superscript ± on the
spin-response. In Fig. 3(a,b) we plot the transverse and
longitudinal spin susceptibility at zero temperature.
The intraband scattering dominates the long range be-
havior, r  1, and the spin response follows the same
power law as in a normal electron gas. However the spin-
response stays anisotropic even at long range with, for
each sign of m,{
χ+T (r  1, T = 0) ≈ χ3DEG00 (r)/2
χ+L(r  1, T = 0) ≈ χ3DEG00 (r)/8
, (16){
χ−T (r  1, T = 0) ≈ − 9pi2r4 sin(2r)
χ−L (r  1, T = 0) ≈ 9χ3DEG00 (r)/8
. (17)
We notice that in the long-range behaviour, the longitu-
dinal response has an amplitude λ2/2, with λ the helicity
crossing the Fermi surface (see Fig. 1), compared to the
normal electron gas. This does not happen for the trans-
verse response, where we even observe that χ−T decreases
in 1/r4 instead of 1/r3 for the normal electron gas.
Close to the magnetic impurity, the short range spin-
spin response is anisotropic with opposite transverse and
longitudinal contributions
χ±T (r  1, T = 0) ≈
3pi(2 + pi)
4r4
∓ 2pi
3r
,
χ±L (r  1, T = 0) ≈ −
15pi(pi − 2)
4r4
± 4pi
3r
.
(18)
This, again, is related to the strong spin-orbit coupling
and opens the possibility to observe both ferromagnetic
and antiferromagnetic coupling between magnetic impu-
rities, from the RKKY coupling.
We observe that for a positive mass, m > 0, the contri-
bution to the transverse spin-response χ+T from intraband
and interband coupling are respectively 15pi
2
4r4 − 6pir3 + 8pi5r
and 3pi(1−2pi)2r4 +
6pi
r3 − 34pi15r , and the corresponding behaviors
in the longitudinal component χ+L are − 39pi
2
4r4 +
12pi
r3 +
2pi
r
5FIG. 3. Amplitude of the transverse, χT , and longitudinal, χL, RKKY coupling between two magnetic impurities for a single
quadratic band (χL = χT , with m < 0) and a Luttinger semimetal (with hole-like doping). (a,b) At T = 0 with a 10× zoomed
inset, with (a) m > 0 and (b) m < 0. (c,d) At finite temperature with (c) m > 0 and (d) m < 0. On the contrary to a normal
electron gas, a Luttinger semimetal has opposite transverse and longitudinal couplings at short distances. This behaviour is
preserved at larger temperatures where we also observe a change in the periodicity of the oscillations.
and 3pi(5+4pi)2r4 − 12pir3 − 2pi3r . The intraband contribution
then always dominates close to the magnetic impurity.
On the contrary, for a negative mass, m < 0, the intra-
band and interband contributions to χ−T are respectively
−9pi2
4r4 +
6pi
r3 +
8pi
5r and
3pi(1+2pi)
2r4 − 6pir3 − 14pi15r and for χ−L they
are respectively 9pi
2
4r4 − 12pir3 + 2pir and 3pi(5−4pi)2r4 + 12pir3 − 10pi3r .
Then, close to the impurity, the two spin-responses are
instead dominated by the interband contribution.
Similar to our observation for Friedel oscillations, this
peculiar behaviour at proximity to the magnetic impurity
persists at larger temperatures as shown in Figs. 3(a,b).
As the temperature increases, we observe a decrease in
the periodicity of the RKKY oscillations and a decay in
their amplitude. The long range behavior of the spin os-
cillations shows an exponential decay at finite tempera-
ture. In order to complete this discussion, we now obtain
the effective RKKY Hamiltonian between two impurities
and also compute the Pauli susceptibility in a Luttinger
semimetal.
C. Effective RKKY Hamiltonian
The interaction between two magnetic impurities S1
and S2 localized at respectively r1 and r2 is described by
the coupling Hamiltonian Hˆ12:
Hˆ12 = V1 S
T
1 χˆS(r, T )S2, (19)
where r = r2−r1, and χˆS(r, T ) is given in Eq. (13). This
can be rewritten in a more explicit way:
Hˆ12/V1 = χTS1 · S2 + (χL − χT )(S1 · er)(S2 · er), (20)
where er is the unit vector that separates the two impuri-
ties and χL,T are evaluated for r = |r2−r1|, the distance
between the magnetic impurities.
This effective spin-spin coupling Hamiltonian differs
from that in a normal electron gas where it is Heisenberg-
like, i.e. only the first contribution in Eq. (20) is present.
Here, in the case of Luttinger semimetals, we obtain an
additional coupling between the spin components parallel
to their separation and we evaluate the amplitude of this
term for various Luttinger semimetals in the next section.
We also note that in Ref. [40], the coupling between the
spin chiralities of a Luttinger semimetal is described by
a Heisenberg Hamiltonian.
6D. Spin susceptibility
In presence of a uniform magnetic field, B, the Zeeman
coupling will be [1]
Hˆ2 = −gµBJˆ ·B, (21)
where we introduce the g-factor and the Bohr magne-
ton µB = e/(2mec). The spin magnetization M ≡
−∇B〈Hˆ2〉 = gµB〈Jˆ〉 = χˆPB defines the Pauli suscep-
tibility χˆP [17]
χˆP (T ) ≡ lim
k→0
χˆS(k, T )
4pi2
=
1
4pi2
lim
k→0
∫
d3r χˆS(r, T )e
−ik·r
=
1
3pi
∫ ∞
0
dr r2
(
2χT (r, T ) + χL(r, T )
)
1ˆ,
(22)
that we write in units of (gµB)
2N0. Here, we perform
the angular integral in position-space and take the limit
k → 0.
We compute this integral numerically after subtracting
the 1/r4 asymptotic contribution in Eq. (18) from χT and
χL. These terms do not contribute to the Pauli suscepti-
bility [41] and by substracting them we avoid numerical
instabilities. We obtain the behavior reported in Fig. 4
and compare it to the Pauli susceptibility of a normal
spin-degenerate electron gas. The response is diamag-
netic instead of being paramagnetic, which is analogous
the unusual paramagnetic Landau susceptibility in Lut-
tinger semimetals [34] that we reproduce in Fig. 4 for a
cutoff energy E0/EF = 10. We also notice that the Pauli
susceptibility is independent of the sign of the mass. This
behavior is also drastically different from that in Weyl
semimetals where the Pauli susceptibility cancels because
a magnetic field only splits the cones in momentum space
[42] and where the Landau susceptibility is diamagnetic
[34, 42].
IV. DISCUSSION
The carrier density of Luttinger semimetals, such as
YPtBi [43–46] and Pr2Ir2O7 [47] is of the order of n ≈
(0.1−1)×1019 cm−3, that is kF ≈ 0.3−0.7 nm−1 which
is comparable to the lattice constant, a ≈ 0.5−1 nm [48].
Thus akF ≈ 0.1− 1 which is well within the region with
unusual charge and spin responses due to spin-orbit cou-
pling. With impurities separated by the lattice constant
size, one can expect to see the stronger charge coupling
near a charge impurity and opposite signs for the trans-
verse and longitudinal spin-spin interaction. More specif-
ically, in the case of Pr2Ir2O7 the magnetic coupling oc-
curs between the 4f orbitals of the Pr3+ ions described
by J = 4 magnetic non-Kramers doublets with Jz = ±4
[49] and separated by a distance akF ≈ 1.7−2 [3, 50, 51].
Then, the ratio between the two contributions in the ef-
fective Hamiltonian (20), given by χL−χTχT is in the region
FIG. 4. Magnetic susceptibilities as a function of tempera-
ture. The Pauli susceptibilities of a normal electron gas (in
orange) is paramagnetic while it is diamagnetic in a Luttinger
semimetal (plain line, in blue). Also shown is the Landau
susceptibility in Luttinger semimetals [34] that we draw for a
cutoff energy E0/EF = 10 (dashed line).
[−2.5,−3] if one takes m < 0. In this interval of akF ,
one coupling is ferromagnetic while the other is antifer-
romagnetic, depending on the sign of V1 as can be seen
in Fig. 3(b).
However this ratio strongly fluctuates and can reach
large values if one takes m > 0 since χT is close to zero
according to our calculations (see Fig. 3(a)). In this
case χT can be positive or negative in this interval and
χL−χT > 0. A similar analysis for the family of bismuth
half-Heusler MXBi (M = Y, Lu) (X = Pd, Pt) where
the ions are separated by akF ≈ 0.1 − 0.5 [48, 52, 53],
gives ratios independent on the sign of the mass and of
about −2, again with one coupling being ferromagnetic
and the other antiferromagnetic. In a recent work we
have pointed the importance of these Friedel oscillations
in the superconductivity from the Coulomb repulsion in
Luttinger semimetals [54, 55]. The anisotropic magnetic
coupling may, as well, be responsible for exotic mag-
netic phases [56, 57]. However, these short-range effects
may be strongly renormalized by interactions. Here, we
neglect screening and vertex corrections which are the
strongest at short-range and may push these effects to
even shorter-ranges, as in the normal electron gas [58].
The consequences of spin-orbit coupling on Friedel and
RKKY oscillations are different compared to an isotropic
Dirac semimetal. In these materials, there is also strong
spin-orbit coupling with linear band dispersion that leads
to a 1/r3 decay of the oscillations [23, 25, 27, 31] but they
do not show the anisotropy in spin coupling that we ob-
serve in Luttinger semimetals (20). One has anisotropic
coupling in Dirac semimetals only if Weyl cones are ex-
plicitly split or located away from the Γ point [23, 25, 31].
For Luttinger semimetals, this occurs without intro-
ducing any particular anisotropy. This phenomenon
even survives at long-range (17) and at higher tempera-
tures, Fig. 3 (c,d). The Weyl cones are also characterized
7by an helicity operator, related to the cones chirality, but
there the RKKY coupling is independent of the helicity at
the Fermi surface. This is in stark contrast to the behav-
ior observed in our calculations for Luttinger semimetals,
where the helicity at the Fermi surface matters for the
profile of magnetic coupling.
It is also interesting to take the limit µ = 0 at T = 0,
in which case the carrier density vanishes and the model
does not possess any energy scale. In Dirac and Weyl
semimetals, this result in a nonoscillatory r−5 decay-
ing RKKY behavior [23, 25, 31]. In the case of Lut-
tinger semimetal, the Friedel and RKKY responses show
a nonoscillatory r−4 decaying behavior and we also note
that the response is exactly the r−4 terms from the ex-
pressions in Eq. (12) for Friedel oscillations and Eq. (18)
for the RKKY responses. This difference in power law be-
tween Dirac and Luttinger semimetals could prove useful
to experimentally probe the strong orbit-coupling since
the response is more long-ranged in Luttinger semimet-
als. In the previous subsection III D we also find a dia-
magnetic Pauli susceptibility, whereas in Weyl semimet-
als where the Pauli susceptibility cancels [42]. Since the
two band structures can be related by applying strain or
a magnetic field [5, 59–61], it is interesting to see that
our results should still hold for energies larger than the
energy scale of the Weyl cones. GdPtBi is an example of
such a material, with induced Weyl point from the rare-
earth exchange field, but with quadratic band dispersion
far from the Fermi surface [62, 63].
V. CONCLUSION
In this work we compute the response of a Luttinger
semimetal to a charged and to a magnetic impurity. At
large separations, the charge and magnetic oscillations
are similar to that of a normal electron gas, up to an
anisotropy for the magnetic response. The main differ-
ence between the two systems is at short distance, where
spin-orbital effects are the most important and result
in a r−4 divergence. In particular we observe opposite
transverse and longitudinal magnetic couplings, even if
the model is isotropic. We obtain the RKKY interac-
tion Hamiltonian between two impurities and compute
the Pauli susceptibility and find that it is diamagnetic
instead of being paramagnetic, which is in line with pre-
vious calculations that find a paramagnetic orbital sus-
ceptibility in Luttinger semimetals [34].
This response of Luttinger semimetals to impurities
may lead to exotic phase transitions. The Friedel os-
cillations contribute to the Kohn-Luttinger mechanism
of superconductivity [64] which we have recently studied
for Luttinger semimetals [54]. The peculiar RKKY cou-
pling could be at the origin of exotic magnetic phases. In
this work we focused on the bulk response of Luttinger
semimetals which may have a different behavior at their
surface and is more relevant in scanning tunneling mi-
croscopy (STM). Indeed, it was recently discussed that
these materials may have surface states [65] with vari-
ous band dispersions and that could be responsible for a
different surface response than described in the present
manuscript.
While finishing the present work, we became aware of a
similar one that has been published [66]. In this work the
authors explore the RKKY interaction in 2D Luttinger’s
systems with anisotropic electron-hole dispersion, in con-
trast to the present work where we focus on 3D system
and where we observe anisotropy in the RKKY response
even with electron-hole symmetry.
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9Appendix A: Fourier transform of the thermal Green’s function
In this appendix, we compute the Fourier transform of the thermal Green’s function (2) for general m
Gˆ(r, iωn) ≡ N0
2pi
∫
d3k Gˆ(k, iωn)e
ik·r = −N0
2pi
∫
d3k
(
iωn − sgn(m)− 54k2
)
1ˆ +
(
k · Jˆ
)2
(ξ+(k) + iωn)(ξ−(k) + iωn)
eik·r. (A1)
with ξ±(k) = ±k2−sgn(m). We write (A1) in terms of the auxiliary integral I0(r, iωn) and its derivatives Iij(r, iωn) =
∂2I0(r,iωn)
∂ri∂rj
:
Gˆ(r, iωn) = N0
[(
(iωn − sgn(m))I0(r, iωn)− 5
4
3∑
i=1
Iii(r, iωn)
)
1ˆ +
3∑
i,j=1
Iij(r, iωn)JˆiJˆj
]
, (A2)
The integral I0(r, iωn) corresponds to the k-independant part of the numerator in (A1) and evaluates to :
I0(r, iωn) =
∫ ∞
0
dk k2
∫ 1
−1
du
eikru
(k2 − (sgn(m)− iωn))(k2 − (iωn − sgn(m))) (A3)
=
−i
r
∫ ∞
−∞
dk
keikr
(k2 − (sgn(m)− iωn))(k2 − (iωn − sgn(m))) (A4)
=
pi
2r(−sgn(m) + iωn)
(
esgn(ωn)i
√
−sgn(m)+iωnr − e−sgn(ωn)i
√
sgn(m)−iωnr
)
. (A5)
The integration of the terms of the form kikj in the numerator of the Green’s function can be written as the derivatives
of this auxiliary integral :
Iij(r, iωn) = −∂
2I0(r, iωn)
∂ri∂rj
=
∫ ∞
0
dk k2
∫ 1
−1
du
kikje
ikru
(k2 − (sgn(m) + iωn))(k2 + (sgn(m) + iωn)) (A6)
= −rirj
r2
(
∂2I0(r, iωn)
∂r2
− 1
r
∂I0(r, iωn)
∂r
)
− δij
r
∂I0(r, iωn)
∂r
. (A7)
We use rotation symmetry to simplify (A1) and introduce the unitary transformation Uˆθφ generated by the pseudo-
spin j = 3/2 operator Jˆ to write Gˆ(r, iωn) = UˆθφGˆ(rez, iωn)Uˆ
†
θφ. The Green’s function Gˆ(rez, iωn) can then be
similarly decomposed into
Gˆ(rez, iωn) = N0
[(
(iωn − sgn(m))I0(r, iωn)− 5
4
3∑
i=1
Iii(rez, iωn)
)
1ˆ +
3∑
i,j=1
Iij(rez, iωn)JˆiJˆj
]
, (A8)
where we write Iij(rez, iωn) in a matrix form
Iij(rez, iωn) =
 − 1r
∂I0(r,iωn)
∂r 0 0
0 − 1r ∂I0(r,iωn)∂r 0
0 0 −∂2I0(r,iωn)∂r2
 . (A9)
We substitute these expressions in (A8) and obtain the real space Green’s function reported in main text, (6).
Appendix B: Explicit contributions to susceptibilities at T = 0, m > 0
The generalized susceptibility (5) depends on multiple contributions from intra and interband scattering. In this
section we explicitly denote the combinations of the m > 0 case with a plus superscript, and in the following subsection
obtain the relationship between these expressions and those corresponding to the case m < 0, denoted with a minus
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superscript. In the limit T → 0, with m > 0, the intra-valence band contributions AA+p (r, T = 0) in Eqs. (11,14,15)
vanish ∀ p and the Matsubara sums
BB+k+p(r, T ) = T
∑
ωn>0
B+k (r, iωn)B
+
p (r, iωn),
AB+k+p(r, T ) = i
kT
∑
ωn>0
A+k (r, iωn)B
+
p (r, iωn),
(B1)
can be evaluated analytically with the Euler-MacLaurin summation formula T
∑
ωn
≈ 12pi
∫∞
−∞ dω. These expressions
are
BB+0 (r, T = 0) =
1
2pi
pi2
4
∫ ∞
0
dω e−2ir
√
1−iω =
pi(−i+ 2r)
16r2
e−2ir, (B2)
BB+1 (r, T = 0) =
1
2pi
pi2
4
∫ ∞
0
dω
e−2ir
√
1−iω
i
√
1− iω = −
ipi e−2ir
8r
, (B3)
BB+2 (r, T = 0) = −
1
2pi
pi2
4
∫ ∞
0
dω
e−2ir
√
1−iω
1− iω =
pi(−pi + iEi(−2ir))
4
, (B4)
BB+3 (r, T = 0) =
1
2pi
pi2
4
∫ ∞
0
dω
ie−2ir
√
1−iω
(1− iω)3/2 = −
pi(e−2ir − 2pir + 2irEi(−2ir))
4
, (B5)
BB+4 (r, T = 0) =
1
2pi
pi2
4
∫ ∞
0
dω
e−2ir
√
1−iω
(1− iω)2 =
pi(e−2ir(i+ 2r)− 4r2(pi − iEi(−2ir)))
8
, (B6)
where Ei(r) is the exponential integral and, using that,
AB+p (r, T ) = T
∑
ωn>0
pi2
4
(−i)p
(1− iωn)p/2 e
−2i√1−iωn[(1−i)r/2] = BB+p ((1− i)r/2, T ), (B7)
one can deduce from (B2-B6) the corresponding expressions of AB+p (r, T = 0).
1. Relationships to m < 0, ∀ T
One can obtain the following relationships between the expressions corresponding to a positive mass and the ones
for a negative mass :
AA−p (r, T ) = (−1)p(BB+p (r, T ))∗, (B8)
BB−p (r, T ) = (−1)p(AA+p (r, T ))∗, (B9)
AB−p (r, T ) = (−i)p(AB+p (r, T ))∗ (B10)
where the minus/plus superscript refers to the case m < 0 and m > 0, respectively, and the asterisk denotes the
complex conjugate. Then, for m < 0, the intra-valence band contributions are associated to BB−p and do not
contribute to Eqs. (11,14,15) at T = 0 since it is empty.
